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Abstract
“If the tower is any taller than 320ms, itmay collapse,” Eiffel thinks out loud.Although
understanding this counterfactual poses no trouble, the most successful intervention-
ist semantics struggle to model it because the antecedent can come about in infinitely
many ways. My aim is to provide a semantics that will make modeling such counter-
factuals easy for philosophers, computer scientists, and cognitive scientists who work
on causation and causal reasoning. I first propose three desiderata that will guide my
theory: it should be general, yet conservative, yet useful. Next, I develop a formaliza-
tion of events in the form of an algebra. I identify an event with all the ways in which
it can be brought about and provide rules for determining the referent of an arbitrary
event description. I apply this algebra to counterfactuals expressed using underdeter-
ministic causal models-models that encode non-probabilistic causal indeterminacies.
Specifically, I develop semaphore interventions, which represent how the target sys-
tem may be modified from without in a coordinated fashion. This, in turn, allows me
to bring about any event within a single model. Finally, I explain the advantages of
this semantics over other interventionist competitors.

Keywords Counterfactuals · Might-counterfactuals · Causation ·
Underdeterminism · Causal models · Semaphore interventions · Disjunctive events ·
Event algebra · Interventionist semantics · Strong centering
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I first propose three desiderata that will guide my theory: it should be general, yet
conservative, yet useful (Sect. 1). Next (Sect. 2), I develop a formalization of events in
the form of an algebra. I identify an event with all the ways in which it can be brought
about and provide rules for determining the referent of an arbitrary event description. I
apply this algebra to counterfactuals expressed using underdeterministic causalmodels
(Sect. 3)—models that encode non-probabilistic causal indeterminacies. Specifically,
I develop semaphore interventions, which represent how the target system may be
modified from without in a coordinated fashion. This, in turn, allows me to bring
about any event within a single model. Finally (Sect. 4), I explain the advantages of
this semantics over other interventionist competitors.

1 Motivation

The overreaching motivation for my formalism is to provide an interventionist seman-
tics of counterfactuals that will prove useful for philosophers, computer scientists,
and cognitive scientists who work on causation. That’s why I want the semantics to
satisfy three desiderata. First, it should handle the broadest class of counterfactuals,
including those with disjunctive antecedents that can happen in infinitely many ways.
Second, it should be conservative, reducing to the standard interventionist semantics
(Halpern, 2000; Pearl, 2009, 2011), so that it can be used in current interventionist
theories of deterministic (Glymour & Wimberly, 2007; Hitchcock, 2001; Woodward,
2003; Halpern & Pearl, 2005; Weslake, 2015) and underdeterministic (Wysocki ms2)
causation. Third, causal models used to evaluate counterfactuals should be easy to
understand, manipulate, and implement in a machine. They also shouldn’t be psy-
chologically implausible, i.e., they should be at least in principle useful for cognitive
scientists modeling causal reasoning.

With these desiderata in mind, I develop the theory in two stages, and the devices
I introduce in each stage can be used somewhat independently to improve or extend
other theories. One device is a set-theoretic formalization of events (Sect. 2), inspired
by (and consistent with) Briggs’s (2012) and Fine’s (2012) theory of truthmakers;
the formalization is interventionist-friendly in that it can be used with any type of
causal model. The other is the device of semaphore interventions (Sect. 3.4), which
can bring about any event, formalized using the algebra, within a single causal model.
Before the work begins, though, I’ll say more about the desiderata. To do that, I
need to introduce—informally for now—some devices I’ll formally define later. A
causal model is the basic device for representing situations; it’s essentially a system
of equations that describe counterfactual relationships between atomic events in a
situation, where such events are denoted by variable values. An event is conjunctive
if it can happen in only one way; it’s disjunctive otherwise. If an event can happen in
(in)finitely many ways, I’ll call it (in)finitely disjunctive. Counterfactuals have events
in antecedents and consequents.

As for the first desideratum: why should we care about causal counterfactuals
with disjunctive antecedents? Such counterfactuals appear in everyday language and
in science, and classic theories of counterfactuals have never eschewed disjunctive
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antecedents (Lewis, 1973; Stalnaker, 1968); therefore, a theory of causal counterfactu-
als shouldn’t ignore them.Moreover, many psychologists working on causal cognition
explore the possibility that the mind represents causal knowledge in structures resem-
bling causal models (e.g., Gopnik et al., 2004; for an overview, see Gerstenberg &
Tenenbaum, 2017 or Woodward, 2021). Since new pieces of information are often
expressed as counterfactuals with disjunctive antecedents (“trust me: if you come
too early or too late, they won’t let you in”), if psychologists want to model how
causal cognition accommodates such information, they will likely need a formalism
that allows them to model such counterfactuals. These reasons generalize to infinitely
disjunctive antecedents. Any theoretical or practical science that deals with contin-
uous quantities likely uses such counterfactuals. A civil engineer, for instance, may
warn that if the live load on the bridge exceeds a certain threshold, it might collapse,
where live load is measured in N/kg2 and therefore is a continuous quantity. Current
interventionist approaches are insufficient for analyzing such claims.

Standard accounts of interventionist counterfactuals (Halpern, 2000; Pearl, 2009,
2011) allow only for conjunctive antecedents. More recent proposals—Briggs’s, but
also Günther’s (2017), which deals with disjunctive causes—allow only for finitely
disjunctive antecedents. All standard interventionist semantics express events as finite
boolean combinations of atomic sentences, which denote atomic events (Sect. 2).
Hence, infinitely disjunctive antecedents cannot be referred to. For example, “Alice
grows between 5 and 7 feet” (measured as a rational number) would need to be
expressed as “Alice grows by 5.1 feet or she grows by 5.13 feet or …,” making the
boolean combination infinite. The event algebra solves this problem without resorting
to an infinitary object language.

Now, as I said, the algebra and the account of interventions are somewhat inde-
pendent, and in principle you could apply the algebra to derive a set-theoretic
representation of an event and, subsequently, use this representation to evaluate the
target counterfactual with Briggs’s (2012) semantics (Sect. 3.4); such an extension
would satisfy the second desideratum, since Briggs’s semantics is conservative. How-
ever, the extension, like Briggs’s original, wouldn’t satisfy the third desideratum. To
evaluate a counterfactual, the theory requires building a separate model for each way
in which the antecedent can be brought about. But such families of models are hard
to understand—a single situation is represented by many models at once instead of a
single model, and the relationships (e.g., dependence) between events from different
models become hard to read off. Manipulating and implementing such families of
models in a machine is also hard—or straightforwardly impossible, if the antecedent
is infinitely disjunctive. It’s also implausible that to process the counterfactual “had
you come anytime between five and six o’clock, you would have met her,” the listener
implicitly constructs an infinity of causal models (or even just 60, if time is measured
by theminute). If usingmultiple models concurrently could be avoided, the tool would
be more useful to cognitive scientists working on causal reasoning.

There are other interventionist theories of counterfactuals that allow for disjunctive
antecedents (Huber, 2013; Vandenburgh, 2022; Hiddleston, 2005). Later (Sect. 4),
I will discuss how they differ from my theory; for now, let me just say that they
deliver certain undesirable results as well as violate the second and third desideratum:
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they aren’t conservative and can’t be easily implemented on a machine or utilized by
cognitive science.

Now, a theory of causal counterfactuals with disjunctive antecedents commits me to
positing disjunctive events. Some don’t like such events in the context of causation. For
instance, even though his semantics allows for disjunctive antecedents, Lewis banishes
disjunctive causes by definition: “Fred talks, and his talking causes Ted to laugh. Sup-
pose that besides Fred’s talking there is another event, the disjunctive event of Fred’s
talking-or-walking. Without it, Fred’s talking would not have occurred, and neither
would Ted’s laughing. So this disjunctive event also causes Ted to laugh. That is intu-
itivelywrong. No such event causes Ted’s laughing, or anything else […] because there
is no such event. Hence disjunctive events are to be rejected” (Lewis, 1986:266–7).
Analogously, Halpern and Pearl (2005:853) disregard disjunctive causes: a disjunc-
tive event causes an effect only in virtue of some of its disjuncts causing this effect
(e.g., Fred’s talking in his talking-or-walking), and so entertaining disjunctive events
is redundant. Philosophical theories aside, disjunctive events also seem to resist imag-
ination. While it’s easy to imagine the event of my stooping and your stooping, it’s
not so easy to imagine the event of my stooping or your stooping. If there are no
disjunctive events, or they can be safely ignored in the context of causation and causal
counterfactuals, then my project is unmotivated.

I don’t think disjunctive events can be ignored, however. First, some posit genuinely
disjunctive causes. Consider a story by Sartorio (2006), later represented by Günther
(2017) in the language of causal models. There is a train coming down the tracks,
which diverge and converge before a place where a hostage is tied. The right track
is disconnected. If Flipper throws a switch, the train will continue on the left track
and run over the hostage. But if Flipper does not throw the switch, Reconnecter will
reconnect the right track, and the train will still run over the hostage. Flipper throws the
switch; the train runs over the hostage. Sartorio and Günther claim that the disjunctive
event “Flipper throws the switch or Reconnecter unblocks the right track” is a cause
of the hostage’s fate, but the disjuncts “Flipper throws the switch” and “Reconnecter
reconnects the right track” are not. If this is right, Lewis and Halpern and Pearl are
wrong, and we need to take disjunctive causes seriously.

Furthermore, one of the typical benefits of a formalism is that there is a lot of leeway
in interpreting it, and the current one is no exception. Even if your ontology doesn’t
admit disjunctive events, you still can use the event algebra and the subsequent amend-
ments to the interventionist framework as rules for evaluating such counterfactuals.
The rules needn’t carry metaphysical implications. Yet, I think that the interventionist
framework does in fact yield an intuitive picture of disjunctive events as I use them
here. On any interventionist theory, evaluating a counterfactual requires entertaining a
situation produced by bringing about the antecedent from without, and from the inter-
ventionist perspective, facilitating such interventions is the main role of an account of
events. Whence a slogan, imprecise but easy to remember: the meaning of an event
is the method of bringing it about. According to this interpretation, the event of my
stooping or your stooping can be brought about by making me stoop, making you
stoop, or making us both stoop, and there’s nothing more to it.
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2 The event algebra

Quite some time ago, Ellis et al. (1977) raised a problem for any semantics of counter-
factuals with disjunctive antecedents. You don’t want it to treat counterfactuals with
logically equivalent antecedents as logically equivalent, for if p� q is equivalent to
(p ∧ r ∨ p ∧ ¬r)� q, then (under the principle of the simplification of disjunctive
antecedents, which you don’t want to mess with) p � q entails (p ∧ r)� q, and
that cannot be. “Had I stooped, the king would have been pleased” shouldn’t entail
“had I stooped and insulted the king, he would have been pleased.” One possible solu-
tion to this problem is Fine’s (2012) semantics of truthmakers, on which a proposition
is associated with a set of truthmakers—possible states that verify it. For instance, “I
am stooping” is verified by (the state of) my stooping but not by my stooping and
insulting the king, which is why you cannot replace the former with the latter in the
antecedent of a counterfactual; the crisis pointed out by Ellis et al. can be pronounced
averted. Fine proposed rules for deriving the truthmakers for any proposition, and
Briggs (2012) adapted these rules to causal models (explained in Sect. 3.4).1 For the
event algebra, I also have adopted Fine’s rules. However, unlike Briggs’s adaptation,
mine uses more complex algebraic means that can handle infinitely disjunctive events.
I also dropped the language of truthmakers. I don’t speak of propositions and what
makes them true but—which is more appropriate in the interventionist context—of
events and the ways they can happen.

A causalmodel of any kind (deterministic, probabilistic, underdeterministic) comes
with variables �V and their ranges R = {RX }X∈ �V . Values of variables correspond to
atomic events. Capital letters denote variables; a capital letter topped with an arrow
denotes a set of variables. Variables from �V and all its subsets are always ordered in a
specificway, called a topological order (to be explained inSect. 3). There are quite a few
rather uncontroversial constraints on the choice of variables and their valuesWoodward
(2016). For instance, variable values should represent events that we are willing to take
seriously (e.g., your population-genetics model shouldn’t account for the possibility
of the organisms evolving bilocation), and an intervention on one variable shouldn’t
(directly) change the value of other variables (e.g., you don’t want a model with both
weight and BMI as variables, for intervening on the former would directly change the
latter). The second constraint is reminiscent of (though not fully equivalent to) another
one, increasingly popular in the literature: if two atomic events could be brought
about together, they should be denoted by values of different variables; otherwise,
they should belong to one variable (Gallow, ms.; Ross & Woodward, 2022; Wysocki,
2023a). Here’s an example that I’ll use throughout.

A ship traversing the strait could be either swallowed by Charybdis or sunk by
Scylla hurling rocks, but the rest Homer got wrong—Odysseus dies. Exactly when
Scylla’s rock crushed Odysseus’ ship, two of Charybdis’ heads maul the deck. I’ll
represent these events with five variables. S = 1 if Scylla notices the ship, S = 0
if she doesn’t; therefore, S’s range is RS = {0, 1}. C = 1 if Charybdis notices the
ship, C = 0 if she doesn’t; RC = {0, 1}. R denotes how many rocks Scylla throws

1 Fine’s semantics also requires an additional set of situations that falsify a proposition. In the interventionist
context, they aren’t relevant, and both Briggs’s and my theory do without them.
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at the ship, RR = {0, 1, 2}. H denotes how many of Charybdis’s heads attack the
ship,RH = {0, 1, 2, 3}. D = 1 if Odysseus dies, D = 0 if he survives;RD = {0, 1}.
The atomic events of Charybdis noticing the ship and of Odysseus surviving belong
to different variables because you can imagine bringing them about together. Because
you can’t make Scylla throw no and two rocks in the same situation, the events belong
to the same variable.

Crucial for my formalism is the notion of an assignment over variables �X ( �X ⊆ �V),
which is a mapping from �X to their ranges. An arbitrary assignment is denoted by a
lowercase letter topped with an arrow, e.g., �x . A concrete assignment is represented
by a tuple of values in the topological order, where target variables are explicitly
indicated, e.g., assignment 〈2H , 0R〉 assigns 2 to H and 0 to R. �x[ �Y ] denotes a pro-
jection of �x onto variables �Y , where �x must assign values to all variables from �Y , e.g.,
〈1C , 2H , 0R〉 [C, H ] = 〈1C , 2H 〉.2

One of the main roles of assignments is to represent the ways in which an event can
happen, which means that events are sets of assignments. Therefore, although atomic
events correspond to variable values, formally they are singletons of assignments that
assign a value to a single variable, e.g., {〈1C 〉} is the event of Charybdis noticing the
ship. Conjunctive events are singletons of assignments, e.g., {〈1S, 0D〉} is the event
of Scylla noticing Odysseus and him surviving; therefore, atomic events count as
conjunctive. Genuinely disjunctive events are sets of at least two assignments, e.g.,
{〈1H 〉 , 〈2H 〉} is the disjunctive event of one or two heads attacking the ship. There’s
also the empty event, {〈〉}, which is denoted by 	 and counts as conjunctive, and the
contradictory event, ∅, which is denoted by ⊥ and can’t happen or be brought about
in any way.

Not any set of assignments corresponds to an event—all and only assignment sets
that havenamesdo.An event name over �X (or aname in short) is a boolean combination
of statements over variables �X . Specifically, a brick sentence over �X is a statement over
�X that cannot be parsed as a boolean combination of shorter statements, and for any
assignment over �X , the sentence has a determinate truth-value when the values from
the assignment are plugged into the sentence.3 Any name is either a brick sentence
or a boolean combination of such sentences. The syntax of brick sentences depends
on the operations afforded by ranges. In almost all cases used in the literature, ranges
are subsets of real or natural numbers; in such cases, brick sentences are simply
arithmetic equations or inequalities over some variables from �V . So, H+R < 4 is a
brick sentence, whileC = 1∧ R≥1 is a name but not a brick sentence. Brick sentences
play the syntactic role of atomic sentences, out of which all other sentences are built,
but they don’t play the semantic role, for they needn’t denote atomic events (which is
why I don’t call them atomic). For example, H+R < 4 and C = 8 are brick sentences,
yet they don’t denote atomic events. And conversely, non-brick names also can denote
atomic events, e.g., R≥1 ∧ R≤1.

To anyone accustomed to syntax paralleling semantics in logical systems, brick
sentences will appear weird; yet, play a critical role in the algebra. If I wanted to build

2 If �Y is a single variable, Y , I’ll abuse the notation and typically let �x[Y ] denote Y ’s value instead of the
assignment over one value, e.g., 〈1C , 2H , 0R〉 [H ] = 2 instead of 〈1C , 2H , 0R〉 [H ] = 〈2H 〉. A projection
onto an empty list of variables produces the empty assignment, �x[∅] = 〈〉.
3 This requirement rules out expressions where, for example, you divide by 0.
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names of disjunctive events out of names of atomic events in the orthodox fashion—
atomic events are denoted by atomic names in the form of X = x , complex events are
denoted by boolean combinations of atomic names—I would run into trouble trying
to name infinitely disjunctive events. The event of Alice drinking between 1 and 3
potions poses no problems, as it’s denoted by P = 1 ∨ P = 2 ∨ P = 3, where
P stands for the number of potions drunk. The event of Alice growing between 5
and 7 feet can’t be treated the same way, for there would have to be infinitely many
disjuncts—ℵ0 if the range is rational and c if real. One way around it is to use an object
language that allows for infinite boolean combinations. Yet, such a language employs
an extremely elaborate formal apparatus (Bell, 2016), which would make the entire
theory utterly impractical, violating the third desideratum and (abstracting from any
desiderata) rendering the theory largely inaccessible. Whence brick sentences, which
demand only primary-school syntactic means.

For any name ϕ, �ϕ� is the unique event denoted by this name, and the event alge-
bra provides rules for identifying this event. Because only assignment sets that have
names constitute events, the algebra also carves out events from the family of all pos-
sible assignment sets.4 To introduce the algebra, I first need the operation of spatial
concatenation, which I denote by �. Spatial concatenation combines two assignments
into one, which agrees with either assignment on all values:

(�u �X� �w �Y
) [ �X ] = �u �X ,(�u �X� �w �Y

) [ �Y ] = �w �Y , where �u �X is over �X , �w �Y is over �Y , and �u �X� �w �Y is over
�X ∪ �Y . The operation is defined only for assignments that agree on the values
of shared variables. So, 〈3H , 2R〉 � 〈2R, 0D〉 = 〈3H , 2R, 0D〉, 〈3H , 2R〉 � 〈2R〉 =
〈3H , 2R〉, and 〈3H , 2R〉 � 〈3R, 0D〉 is undefined. Spatial concatenation is associative
and commutative, and the empty assignment 〈〉 is its one (the neutral element).

With spatial concatenation, I can define junction (the verb: to join)— an operation
that takes as arguments two assignment sets and returns an assignment set that contains
all spatial combinations (whenever they are defined) of the assignments from the first
set with the assignments from the second set:

U � W =
⋃

�u∈U

⋃

�w∈W

{�u� �w} . (1)

For instance, {〈3H , 2R〉} � {〈2R, 0D〉 , 〈2R〉 , 〈3R, 0D〉} = {〈3H , 2R, 0D〉 , 〈3H , 2R〉}.
Junction is associative and commutative, �	� = {〈〉} is its one, and �⊥� = ∅ is its zero
(the annihilating element). Both 	 and ⊥ are names over no variables.

I can lay out the algebra now. For any brick sentence β �X that is over variables �X ,
and any names ϕ and ψ ,

�	� = {〈〉} (2)

�⊥� = ∅ (3)

�β �X � = {�x : �x satisfies β �X
}

where �x is over �X (4)

�¬β �X � = {�x : �x doesn’t satisfy β �X
}

where �x is over �X (5)

4 Events are similar to teams (Barbero & Sandu, 2021) in that they are sets of assignments; however, unlike
teams, events can include assignments that aren’t over the same variables.
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�¬¬ϕ� = �ϕ� (6)

�ϕ ∧ ψ� = �ϕ� � �ψ� (7)

�¬(ϕ ∧ ψ)� = �¬ϕ ∨ ¬ψ� = �¬ϕ� ∪ �¬ψ� ∪ �¬ϕ� � �¬ψ� (8)

�ϕ ∨ ψ� = �ϕ� ∪ �ψ� ∪ �ϕ ∧ ψ� = �ϕ� ∪ �ψ� ∪ �ϕ� � �ψ� (9)

�¬(ϕ ∨ ψ)� = �¬ϕ ∧ ¬ψ� = �¬ϕ� � �¬ψ� (10)

�ϕ → ψ� = �¬ϕ ∨ ψ� = �¬ϕ� ∪ �ψ� ∪ �¬ϕ� � �ψ� (11)

�¬(ϕ → ψ)� = �ϕ ∧ ¬ψ� = �ϕ� � �¬ψ� (12)

�ϕ ≡ ψ� = �ϕ ∧ ψ� ∪ �¬ϕ ∧ ¬ψ� = �ϕ� � �ψ� ∪ �¬ϕ� � �¬ψ� (13)

�¬(ϕ ≡ ψ)� = �ϕ ∧ ¬ψ� ∪ �¬ϕ ∧ ψ� = �ϕ� � �¬ψ� ∪ �¬ϕ� � �ψ� (14)

Rules (7)-(14) parse any name with a binary connective as either a junction or a union
of events. The event denoted by a conjunction is the junction of the events denoted
by the conjuncts (7, 10, 12); it is so because any way in which one and another event
can happen at once is a combination (read: spatial concatenation) of some ways in
which either event can happen. The event denoted by a disjunction is the union of
three events: the two events denoted by the disjuncts and the event denoted by the
conjunction of the disjuncts (8, 9, 11, 13, 14); it is so because any way in which one
or another event can happen is a way in which the first event, or the second event, or
both at once can happen. Second, the rules push negation down until two negations
cancel each other out (6) or until it reaches a name without any logical connectives (5).
Negation is normally handled by the set complement.5 However, there’s no sensible
interpretation of the complement of an event because events can contain assignments
over different values.

The rules work as expected. The disjunctive event “Scylla fails to notice Odysseus
or Charybdis fails” is parsed as

�S = 0 ∨ C = 0� = �S = 0� ∪ �C = 0� ∪ �S = 0� � �C = 0�

= {〈0S〉} ∪ {〈0C 〉} ∪ {〈0S〉} � {〈0C 〉}
5 E.g., the set of worlds where ¬p holds is the complement of the set of worlds where p holds.
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= {〈0S〉} ∪ {〈0C 〉} ∪ {〈0S, 0C 〉} = {〈0S〉 , 〈0C 〉 , 〈0S, 0C 〉} .

This is correct, for the event can happen in three ways: Scylla fails, Charybdis fails,
or they both fail. The contradictory event “Scylla throws no rocks and two rocks” is
parsed as

�R = 0 ∧ R = 2� = �R = 0� � �R = 2� = {〈0R〉} � {〈2R〉} = ∅.

Scylla throws no rocks or two rocks: �R = 0 ∨ R = 2� = {0R, 2R}. As many rocks
as heads attack the ship: �R = H� = {〈0R, 0H 〉 , 〈1R, 1H 〉 , 〈2R, 2H 〉}. As many
rocks as heads attack the ship, and only one head attacks it: �R = H ∧ H = 1� =
{〈0R, 0H 〉 , 〈1R, 1H 〉 , 〈2R, 2H 〉} � {〈1H 〉} = {〈1R, 1H 〉}, exactly one rock and one
head attack the ship. It’s not the case that Scylla hurls two rocks or Odysseus dies:
�¬(R = 2∨ D = 1)� = �¬R = 2� � �¬D = 1� = {〈0R, 0D〉 , 〈1R, 0D〉}; she throws
no rocks and he survives or she throws one rock and he survives.

As advertised, the algebra becomes especially useful when ranges are infinite. Let
T = t stand for the event of the tower being t meters tall, and RT = [0, 500]. “The
tower is taller than two hundred but not taller than three hundred meters” is parsed as

�T >200 ∧ ¬T >300� = �T >200� � �¬T >300�

= (200, 500]T � (300, 500]T = (200, 500]T � (0, 300]T = (200, 300]T .

Mass M or mass N are more than 1kg: where RM = RN = [0,+∞), �M>1 ∨
N>1� = (1,+∞)M ∪ (1,+∞)N ∪ (1,+∞)M � (1,+∞)N .6

Every non-contradictory event ϕ over at least one variable can be expressed in
the canonical form—as a junction of the maximum number of juncts Ji over non-
overlapping variables

�ϕ� = n�
i=1

Ji , (15)

where Ji are events themselves, assignments from Ji don’t share variables
with assignments from J j (i �= j), and Ji �= {〈〉}. An event can have
only one canonical form (Sect. 6.2). For instance, the event of Scylla throw-
ing some rocks and Charybdis attacking with some heads unfolds as �R≥1 ∧
H≥1� = {〈1R, 1H 〉 , 〈1R, 2H 〉 , 〈1R, 3H 〉 , . . . , 〈2R, 3H 〉}, but its canonical form is
{〈1R〉 , 〈2R〉} � {〈1H 〉 , 〈2H 〉 , 〈3H 〉}. The canonical form, and the fact that it’s unique,
will prove useful for devising interventions (Sect. 3.4).

3 Underdeterministic counterfactuals

The main motivation behind the event algebra is modeling counterfactuals with dis-
junctive antecedents. I’ll showhow thatworkswith underdeterministic counterfactuals
(Wysocki, 2023b) and leave probabilistic counterfactuals for the future. Although the

6 In both cases, construe the sets as sets of assignments over single variables. I.e., (200, 300]T =
{〈t〉 : 200 < t ≤ 300}.
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latter are much more familiar than the former, I’ll focus on underdeterministic coun-
terfactuals for two reasons: the mechanics is simpler than in the case of probabilistic
models, and deterministic would-counterfactuals—the staple of causal analysis of
counterfactuals—are edge cases of, and therefore easily handled as, underdeterministic
counterfactuals.

3.1 Motivation

Since underdeterministic counterfactuals are a recent addition to the causal literature,
I’ll briefly motivate them.7 Say, the following three might-counterfactuals are true:
if Scylla hurls the rock, the ship may sink; if she hurls the rock, the ship may stay
afloat; if she doesn’t hurl her rock, the ship will stay afloat. She hurls her rock, the ship
sinks, and the former is a cause of the latter—but for the rock, the ship wouldn’t have
sunk. I call such causes underdeterministic, for the causal claim holds even though the
situation is neither deterministic nor expressed in terms of probabilities.

Underdeterministic token causes belong to a broader family of underdeterministic
concepts that include, among others, conditional independence, causal counterfactuals
(which I focus on below), type causes, and decision theory. Why should we care about
investigating these concepts? First, there’s a simple argument: discovering the nature
of causation is a worthwhile philosophical endeavor; underdeterministic causes are a
species of cause; therefore, discovering the nature of underdeterministic causes is a
worthwhile philosophical endeavor. Moreover, since underdeterministic relations are
the weakest relations that deserve to be called causal, investigating them will tell us
something about the necessary conditions of causation. Second, there are scientific
theories, such as the theory of eternal inflation, where non-determinism is essentially
non-probabilistic (Norton, 2003; 2021). Many equilibrium models allow for multiple
equilibria given boundary conditions but don’t specify how likely these equilibria are;
such models are genuinely underdeterministic (Spence, 1973). Behavior of agents
under bounded uncertainty counts as underdeterministic, as they know the possible
effects of their actions but not these effects’ probabilities (Deœux, 2019;Knight, 1921).
Finally, it seems that we sometimes reason with underdeterministic causes (“I better
take an umbrella: if I don’t take one, I may get wet because it may rain”), which makes
causal underdeterminism interesting also for cognitive science.

3.2 Deterministic and underdeterministic models

The basic notion that allows for analyzing underdeterministic causal phenomena is
that of an underdeterministic causal model; I’ll introduce it starting with its familiar
counterpart, the deterministic model.

Any causal model includes variables and their ranges, which I have already
discussed.A (deterministic or underdeterministic)model also includes structural equa-
tions, which encode direct causal relationships between atomic events represented by

7 For an extensive motivation, see (Wysocki, 2023b).

123



An event algebra for causal counterfactuals 3543

Table 1 The solution to the
deterministic model

S C R H D

�σ 1 1 1 2 1

variable values. If a variable is an argument in another’s equation, the former is the lat-
ter’s parent, and the latter is the former’s child. A variable’s ancestor is either a parent
or an ancestor of a parent of the variable. Like most authors, I’ll limit myself to acyclic
models—ones where no variable is its own ancestor. In deterministic models, equa-
tions encode primitive would-counterfactuals, which state what value a variable would
have taken on for any combination of values of its parents. A variable is endogenous
if it has parents, and exogenous otherwise.

Recall the plight of Odysseus. Scylla will notice him, and so will Charybdis. If
Scylla notices him, she’ll throw one rock, and she’ll stay put otherwise. If Charybdis
notices him, two of her heads will attack, and none otherwise. He’ll die if he’s attacked
by at least three rocks or heads combined.8 These are the primitive counterfactuals,
and they are encoded by:

S ← 1, C ← 1, R ← S, H ← 2C, D ← R+H ≥ 3. (16)

Odysseus’ world is deterministic, and his fate is sealed—given that the monsters will
notice him, Scylla will throw a rock, Charybdis will attack with two heads, and he’ll
die. How the world will unfold is represented by the solution to the equations, and
deterministic acyclic models have exactly one solution (tab. 1):

A solution is therefore an assignment over all variables that satisfies the equations.
It corresponds to the conjunctive event over all variables that happens in the situa-
tion described—the possible history. Hence, deterministic models always tell a single
possible history.

According to the standard semantics of deterministic would-counterfactuals with
conjunctive antecedents, to evaluate “had �X=�x happened, ϕ would have happened,”
you bring about �X=�x with an intervention, replacing every X ’s equation with one that
sets X ’s value to its corresponding value from �x : X ← �x[X ] for every X from �X . The
would-counterfactual holds iff ϕ is satisfied by the solution to the post-intervention
model. For instance, it’s true (in themodel) that Odysseus would survive if Scylla were
not to notice the ship and Charybdis were to stay put. Bringing about the antecedent
event S = 0 ∧ H = 0 produces a new set of equations,

S ← 0, C ← 1, R ← S, H ← 0, D ← R+H ≥ 3,

on whose sole solution, 〈0S, 1C , 0R, 0H , 0D〉, Odysseus survives (D = 0). Notice that
the interventions bringing about conjunctive events always make the target variables
exogenous; that sometimes won’t be the case with bringing about disjunctive events.

8 See footnote 9 for why I use the future tense.
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Fig. 1 The strait case

Representing underdeterministic situations requires just one change: structural
equations can now return multiple values and thus encode primitive might-
counterfactuals. Say, Odysseus’ fate is more nuanced: Scylla will notice the ship,
but Charybdis only may. If Scylla notices the ship, she may hurl one rock or she may
hurl two; if she doesn’t notice the ship, she may stay put, but she also may sponta-
neously throw one rock. If Charybdis doesn’t notice the ship, no heads will attack the
ship; if she notices, one or two heads may attack the vessel. Again, Odysseus will die
if attacked by at least three rocks or heads combined, and won’t otherwise.9

These primitive would- and might-counterfactuals are encoded by (Fig. 1):

S ← 1, C ← 0, 1, R ← S, S+1, H ← C, 2C, D ← R+H ≥ 3. (17)

S’s equation, as before, is exogenous and deterministic. C’s, exogenous and underde-
terministic, states that Charybdis may (C = 1) or may not (C = 0) notice Odysseus.
The equation constrains C’s values to 0 and 1 but doesn’t determine between them.10

R’s, endogenous and underdeterministic, states that Scylla may hurl one (R = 1) or
two (R = 2) rocks if she notices Odysseus (S = 1), and none (R = 0) or one (R = 1)
if she doesn’t (S = 0).11 H ’s equation determines H ’s value to be 0 if C = 0—no
heads will attack if Charybdis doesn’t notice the ship—and constrains H ’s values to
1 and 2 if C = 1—one or two heads may attack if she sees the vessel. D’s equation
remains unchanged.

Since every equation is a correspondence, which always returns at least one value,
an underdeterministic model always tells at least one history.12 The strait model tells
six (tab. 2):

In the first history, Scylla notices the ship but Charybdis doesn’t; having noticed it,
Scylla hurls one rock; not having noticed the ship, Charybdis attacks with no heads;
Odysseus survives. In the last history, both monsters notice the ship, a rock is thrown,

9 In describing non-deterministic cases, I prefer to use the future tense, which makes it easier to think
about the future as open. Once you know that Charybdis noticed the ship, you’re less likely to find not
noticing the ship a genuine possibility. But the account doesn’t distinguish between counterfactuals and
future conditionals.
10 Just read it as C ∈ {0, 1}.
11 Again, just read it as R ∈ {S, S + 1}, where the set depends on S’s value.
12 Formally, I’ll construe structural equations as functions returning non-empty subsets of the variable’s
range, fX : RP1 � · · · � RPn → 2RX . Therefore, a model is essentially a system of constraints in the

form X ∈ fX
( �P)

. An equation is deterministic if it returns a singleton for every input.
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Table 2 Solutions to the strait
model

S C R H D S C R H D

�σ1 1 0 1 0 0 �σ4 1 1 2 1 1

�σ2 1 0 2 0 0 �σ5 1 1 1 2 1

�σ3 1 1 1 1 0 �σ6 1 1 2 2 1

Fig. 2 The diagram for
MR=1∨H=2

two heads attack, and Odysseus dies. And so on; all and only the six assignments
satisfy the model’s equations.

I have so far avoided defining underdeterministic models formally—it’s high time.

A model is a quadrupleM =
〈 �V, �I,R, E

〉
. It contains two kinds of nodes: variables,

�V , and intervention vertices, �I; �I is empty before any interventions are executed. R
contains every node’s range, and E contains every node’s structural equation. Infor-
mally, you can think of variable values as denoting what happens in the situation,
and of vertex values as denoting what may be done to the situation from without; I’ll
further develop this explanation once I get to interventions. A solution to a model is
an assignment over all nodes that satisfies the model’s equation. A (possible) history
told by a model is an assignment over all variables, which is the projection of some
solution onto variables alone—that is, histories are solutions oblivious to what has
been done to the situation from the outside (Fig. 1).

Underdeterministic models can be helpfully represented with diagrams. Nodes
(i.e., variables and intervention vertices together) correspond to nodes in the dia-
gram. Directed edges go from a variable to all its children. A node in the diagram
contains the values the node takes on in some solution.13 Nodes, �I ∪ �V , are ordered
topologically, which means that every node comes before its every child.

3.3 Causal modalities and conditional dependence

Underdeterministic situations may develop in multiple ways, which suggests a natural
semantics of causal-modal claims (Wysocki, 2023b). Event ψ is causally possible in
model M,

M |� � ψ iff ψ happens on some history told by M. (18)

13 Unfortunately, this convention won’t do justice to the entire model, as the diagram doesn’t show which
values from different nodes belong to the same solution. I also won’t list the values of intervention vertices
on the diagram.
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For example, it’s causally possible that the ship is attacked by more heads than rocks
because H > R on �σ5.

Event ψ is causally necessary in model M,

M |� �ψ iff ψ happens on all histories told by M. (19)

Scylla’s noticing Odysseus is causally necessary because S = 1 on all solutions. The
operators are duals,

M� � ψ iff M |� �¬ψ (20)

and necessity implies possibility. In deterministic models, all events that will happen
will happen necessarily, and the two modal notions collapse into one.14

Causal possibility underlies the notion of independence.15 Where �X and �Y don’t
overlap with each other but are allowed to overlap with �Z , �X and �Y are conditionally
independent given �Z in M iff any possible conjunctive events over �X ∪ �Z and over
�Y ∪ �Z that agree on �Z are co-possible,

�X ⊥ �Y | �Z iff M |� � ( �X=�x ∧ �Z = �z) andM |� � ( �Y=�y ∧ �Z = �z)

implies M |� � ( �X=�x ∧ �Y=�y ∧ �Z = �z) for any �x, �y, �z. (21)

�Z = ∅ yields the definition of unconditional independence: any two possible con-
junctive events over �X and over �Y are possible together. For instance, R and H are
independent, R ⊥ H | ∅, because R = 1 and R = 2 are possible, H = 0, H = 1, and
H = 2 are possible, and any conjunction of the former and the latter events is also
possible. However, once you conditionalize on D, the variables become dependent,
R �⊥ H | D, e.g., because R = 2 ∧ D = 0 and H = 1 ∧ D = 0 are possible,
but R = 2 ∧ H = 1 ∧ D = 0 isn’t. If �X and �Y don’t share ancestors, they are
independent.16

3.4 Semaphore interventions

Finally, I can formulate the semantics of counterfactuals. “Had ϕ happened, ψ could
have happened” holds iff ψ is possible after an intervention brings about ϕ,

M |� ϕ� ψ iff Mϕ |� � ψ, (22)

14 I am referring here to deterministic causal models as used by, for example, Hitchcock (2001) and
Weslake (2015), where both exogenous and endogenous variables are treated on par, having their values set
by equations (just that exogenous equations are nullary). But you can treat exogenous variables differently.
Like Halpern (2016:155) or Beckers and Vennekens (2017:11), you can set exogenous values with value
vectors, called contexts, and ask what set of solutions is induced by some set of contexts. In such formalism,
you can recover genuine notions of causal necessity and possibility, although not disjunctive interventions
(because an intervention in this formalism always sets the target variable to a single value). As an aside, I’ll
flag that I find it unbearably artificial to allow for underdeterminacy in exogenous variables (i.e., contexts)
but not endogenous equations: whatever the motivation for introducing multiple contexts (e.g., to model
either epistemic or genuinely metaphysical indeterminacy), it extends to endogenous variables.
15 The notion satisfies Verma and Pearl’s (1988) semi-graphoid axioms (Wysocki, 2023b).
16 For proofs, see (Wysocki, 2023b).
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whereMϕ denotes the post-intervention model obtained fromMwith an intervention
bringing about ϕ. “Had ϕ happened,ψ would have happened” holds iff ψ is necessary
after an intervention brings about ϕ,

M |� ϕ� ψ iff Mϕ |� � ψ. (23)

The definitions make sense only for non-contradictory antecedents. The two counter-
factuals are duals,

M� ϕ� ψ iff M |� ϕ� ¬ψ, (24)

which follows from (20); a would-counterfactual entails the corresponding might-
counterfactual.

All the work in the semantics is offloaded on interventions, and so I need to show
how to produce Mϕ for any pre-intervention model M and any non-contradictory
antecedent ϕ. The deterministic framework shows how to do that for any conjunctive
event, but that’s of little help when the event is disjunctive and can happen in mul-
tiple ways. In the context of causal models, one strategy has been followed. Briggs
(2012) has proposed to produce a post-intervention model for every way in which
the antecedent can happen; a would-counterfactual is true iff the consequent holds in
every such piecemeal model. Briggs’s semantics of events (which they, after Fine, call
truthmakers) builds events up as finite boolean combinations of atomic sentences of
the form X = x , which—if you recall—means the semantics can’t handle infinitely
disjunctive events. However, the strategy from piecemeal models could be easily mar-
ried with the event algebra I proposed here and extended to might-counterfactuals: a
would- (might-)counterfactual is true iff the consequent holds in all (some) piecemeal
models.17 But I think we could do better and keep everything to a single model. (In
Sect. 4, I elaborate on why using a single model counts as doing better.)

The motivating thought is: if you’re tasked with bringing about a disjunctive event,
you have freedom, for you may bring about any of the ways in which the event can
happen; therefore, bringing about a disjunctive event can be naturally modeled with
underdeterministic means. And the implementation: let ϕ be the event to be brought
about and M be the pre-intervention model; the task is to produce Mϕ . If ϕ is ⊥,
the operation can’t be executed. If ϕ is 	, M is also the post-intervention model—	
represents antecedents like “if nothingwere to change...”Otherwise, findϕ’s canonical
form �ϕ� = �n

i=1
Ji and deal with the juncts separately. I’ll use examples to show

how to do that.
Let Ji contain assignments over variables �X ; some assignments can be over a subset

of �X . First, add a new intervention vertex I to themodel; its role is to assign new values
to target variables. Encode all assignments from Ji as values in I ’s range and, at the

17 Although Günther (2017) also uses piecemeal models, his strategy is a little different. He proposes
to evaluate a would-counterfactual with antecedent ϕ with a family of piecemeal models, each produced
bringing about one of (what he calls) disjunctive situations of ϕ: “A = a ∨ B = b is satisfied if three
possible situations are satisfied: (i) A = a ∧ B = b, (ii) A = a ∧ B = ¬b, and (iii) A = ¬a ∧ B = b.
We refer to (i)-(iii) as the disjunctive situations or possibilities of the formula A = a ∨ B = b.” Günther
(2017):7. But like Briggs’s semantics, this strategy does not apply to infinite ranges.
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Fig. 3 Simplifying semaphore
interventions

same time, the values the vertex may take on:

I ← {��x� : �x ∈ Ji } , (25)

where ��x� denotes the encoding of the entire assignment �x as one value, andRI spans
the same values. Next, for every target variable X from �X , replace its equation. There
are two cases: either every value of I encodes X ’s value or not. In the first case, set
X ’s new equation to:

X ← I [X ], (26)

where I [X ] denotes the value of X encoded in the value of I . In the post-intervention
diagram, X is cut from its pre-intervention parents. In the second case, for I ’s values
that don’t encode X ’s, X behaves as if no intervention were performed. That is,

X ←
{

I [X ] if I [X ] is set
fX

( �P)
otherwise

, (27)

where �P are X ’s pre-intervention parents, and fX
( �P)

its pre-intervention equation.
You have to repeat this procedure for every junct Ji from ϕ’s canonical form.

An illustration ismuchneeded. The task is to bring about, in the straitmodel (17), the
event “Scylla throws one rock or Charybdis attacks with two heads,” whose canonical
form consists of one junct, J = {〈1R〉 , 〈1R, 2H 〉 , 〈2H 〉}. First, add to the model a
new intervention vertex I and set its equation to Ii ← �1R�, �1R, 2H �, �2H �; let I ’s
range consist of the very same values. Next, modify the equations for R and for H .
The new model reads (fig. 2):

I ← �1R�, �1R, 2H �, �2H �, S ← 1, C ← 0, 1,

R ←
{

I [R] if I [R] is set
S, S+1 otherwise

, H ←
{

I [H ] if I [H ] is set
C, 2C otherwise

, D ← R+H ≥ 3.

R’s equation now states: if R’s value is encoded in the value of I , i.e., if I [R] is set,
assign this new value to R; otherwise, use the old equation R ← S, S+1 as if no
intervention had taken place. Analogously, H ’s equation states: assign to H its value
decoded from I ’s value, but if I ’s value doesn’t encode H ’s, pretend there was no
intervention. I call this kind of intervention a semaphore intervention because it steers
the flow of values in the diagram depending on the value of the intervention vertex.
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Table 3 Solutions toMR=1∨H=2

I S C R H D I S C R H D

�σ1 �1R� 1 0 1 0 0 �σ6 �2H � 1 0 1 2 1

�σ2 �1R� 1 1 1 1 0 �σ7 �2H � 1 0 1 2 1

�σ3 �1R� 1 1 1 2 1 �σ8 �2H � 1 1 1 2 1

�σ4 �1R , 2H � 1 0 1 2 1 �σ9 �2H � 1 1 2 2 1

�σ5 �1R , 2H � 1 1 1 2 1

This semaphore intervention produces a post-intervention model MR=1∨H=2,
which agrees with M on variables and their ranges but has an additional interven-
tion vertex, one extra equation (for the vertex), and new equations for R and H . The
new model has quite a few solutions (tab. 3), but I think it’s worthwhile to list them
all:

I’ll explainwhat goes on in someof them. In �σ1, the intervention vertex encodes only
a value for R, R = 1. S’s always assigns to it 1, and C’s equation allows C to take 0 or
1, and here �σ1[C] = 0. Because �σ1[I ] does encode R’s value, R’s equation assigns this
value to R: �σ1[R] = 1. Because �σ1[I ] doesn’t encode H ’s value, H ’s equation assigns
to H a value using the pre-intervention equation; because �σ1[C] = 0, �σ1[H ] = 0.
Lastly, �σ1[D] = 0 from �σ1[R] = 1 and �σ1[H ] = 0. In �σ4 and �σ5, the value of the
intervention vertex encodes both R’s and H ’s values, and hence R, H , and D don’t
differ between these solutions. The only difference is in C , which still may take 0 or 1
per its equation. In �σ6-�σ9, only H ’s value is encoded by I ’s value, and the rest of the
model behaves like before the intervention.

Now, I can use the post-interventionmodel to evaluate some counterfactuals. “Were
Scylla to throw one rock or Charybdis to attack with two heads, Odysseus might die”
is true in the model, for he dies in the third solution, and therefore the consequent is
causally possible in the post-intervention model. “Were Scylla to throw one rock or
Charybdis to attack with two heads, Odysseus would die” is false, for he survives in
the first solution, and therefore the consequent isn’t causally necessary in the post-
intervention model.

I still want to show how the strategy works when applied to deterministic models
(though then they lose their deterministic status), how it works with canonical forms
with multiple juncts, and how to do without intervention vertices in interventions
targeting single variables. I’ll do that all at once with a single example. Recall the
deterministic story of Odysseus and the deterministic model I used to represent it
(16). As the counterfactual to evaluate, take “if as many rocks fly as heads attack, and
Scylla does or does not notice Odysseus, he will die.” The antecedent’s canonical form
is �(R = H) ∧ (S = 0 ∨ S = 1)� = {〈0R, 0H 〉 , 〈1R, 1H 〉 , 〈2R, 2H 〉} � {〈0S〉 , 〈1S〉}.
Therefore, you can bring about {〈0R, 0H 〉 , 〈1R, 1H 〉 , 〈2R, 2H 〉} with one semaphore
intervention, and {〈0S〉 , 〈1S〉} with another. Because the intervention vertex always
assigns values to R and H , in virtue of (26), R and H lose their pre-intervention
parents (fig. 3). Second, because the set contains assignments over the same variable,
you can do without adding a new intervention vertex; instead, assign these values
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directly to the variable using an underdeterministic exogenous equation. Generally,
the replacement equation is

X ← {x : 〈x〉 ∈ Ji } (28)

whenever all assignments from junct Ji are over X only. The new equations thus read:

I ← �0R, 0H �, �1R, 1H �, �2R, 2H �, S ← 0, 1, C ← 1,

R ← I [R], H ← I [H ], D ← R+H ≥ 3.

This is how the simplifications work,18

The post-intervention model has six solutions and thus is deterministic no longer.
In some of them, e.g., 〈(�1R, 1H �)I , 1S, 1C , 1R, 1H , 0D〉, Odysseus survives, which
means his dying isn’t necessary in the post-interventionmodel, and therefore the target
would-counterfactual is false. The underdeterminism of the new model doesn’t come
from the original situation being underdeterministic—which it isn’t—but from the fact
that the antecedent of the would-counterfactual admits many ways of being brought
about. Some of these ways (e.g., R = 2 ∧ H = 2 ∧ S = 0) deterministically lead
to his death, yet others (e.g., R = 1 ∧ H = 1 ∧ S = 1) deterministically lead to his
escape, which makes the counterfactual fail.

Another one, due to Quine (1983:23) though not truly a causal counterfactual: if
Bizet and Verdi had been compatriots, Verdi would have been French. Let B stand
for Bizet’s nationality, V for Verdi’s, and letRB = RV contain the two-hundred-plus
nationalities denoted as natural numbers. Where 33 denotes the French and 39 the
Italians, the deterministic model has two exogenous equations,

B ← 33, V ← 39,

and encodes no counterfactual relationships between the events. Expressed in the
language of this model, Quine’s counterfactual reads M |� B = V � V = 33.
It’s false. Since �B = C� contains all assignments of the same nationality to both
composers, MB=C now reads19:

I ← 1, 2, . . . , B ← I , V ← I .

Quine’s counterfactual is false because only in one of many solutions is Verdi French.
What’s true, however, is that if Bizet and Verdi had been compatriots, Verdi could

18 Therefore, an underdeterministic semaphore intervention takes model M =
〈 �V, �I,RE

〉
and a set of

assignments Ji over variables �X ( �X ⊆ �V , J cannot be further decomposed into a junction of juncts over
non-overlapping variables) and returns a post-intervention model. In cases where ∅ �= J �= {〈〉} and
the assignments from J aren’t all over the same single variable, the post-intervention model is given by

m =
〈 �V, �I ·∪ {I } ,R ∪ {RI } , ε

〉
, where ·∪ is exclusive union, I is a new intervention node, and ε is the

new set of equations. ε contains the same structural equations as E except for equations for I , which is
given by (25), and for �X , which are given by (26) and (27). If J only contains assignments over the same
single variable X , X ’s new equation is given by (28), and no intervention vertex is added to m. If J = {〈〉},
m = M. If J = ∅, the operation cannot be performed.
19 Notice that I simplified how I encodes the values of B and C . An identical trick is possible with the
previous model.
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have been French, and that if Bizet and Verdi had been compatriots, they could have
been both Polish.

Why do I insist on starting with the canonical form? It is, in principle, possible to
encode all assignments from the target event as values of a single intervention vertex,
which thenwould parent all target variables. Possible, but unbecoming. Since variables
that don’t share ancestors are unconditionally independent, if two variables are sired
by different intervention vertices, they are independent. The resulting diagram is more
informative.

This is, I feel, the right place to say more about the interpretation of intervention
vertices and their values. Intervention vertices have an odd status. When you use a
new intervention vertex, you add it to the family of intervention vertices �I; because
it’s a brand-new node, you also add its equation to the family of equations E and
its range to the family of ranges R. Therefore, like variables, intervention vertices
have their own equations and figure in the diagram of the model. But unlike variables,
you can’t intervene on them, and they cannot figure in an event sentence, a modal
statement, or a counterfactual because the values of intervention nodes don’t denote
events that happen in the situation represented by the model. Recall the metaphor,
which some take more (Menzies & Price, 1993) and others less seriously (Woodward,
2003:123): an intervention corresponds to an action of an (ideal, hypothetical) inter-
vener that she performs on the situation from without in such a way that affects all and
only the target variables. Woodward, for instance, explicitly models an intervention
with an extra variable that parents only the target variable. In the underdeterministic
framework, the metaphor is all the more fruitful. While variables represent events that
may happen within the situation, (different) intervention vertices represent possible
actions of (different) hypothetical interveners who change the situation from the out-
side. The interveners are underdeterministic in that they may choose to bring about
any assignment from the junct. Actions of different interveners are independent from
each other,20 while a single intervener coordinates the values of the variables under
her influence. For instance, in the current example, you can think that one intervener’s
task is to coordinate the values of R and H , but she may choose between R = H = 0,
R = H = 1, and R = H = 3; another intervener’s task is to choose the value for S,
and she may choose between S = 0 and S = 1.

While the theory so far evaluates causal counterfactuals correctly, there’s another
reason to trust the formalism. Semaphore interventions satisfy the following equiv-
alence requirement, which seem to capture what we want from bringing disjunctive
events about: every history told byMϕ is told by some piecemeal modelM �X=�x , pro-
duced by bringing about a single way �x in which ϕ can happen, �x ∈ �ϕ�, and every
history told by any piecemeal model M �X=�x is told by Mϕ . That is, taken together,
piecemeal models tell all and only stories told by the post-intervention model:

for any �v, Mϕ |� � �V = �v iff for some �x from �ϕ�, M �X=�x |� � �V = �v, (29)

20 According to the notion of independence (21) applied to intervention vertices.
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where �V = �v is a history, and �x is over �X . The equivalence requirement follows the
spirit of Briggs’s theory, which couches the effects of bringing about a disjunctive
event purely in terms of what happens in the family of piecemeal models.

Semaphore interventions do satisfy the equivalence requirement. Take �Y=�y, one
of the ways in which ϕ can happen: �y ∈ �ϕ�, where �Y ⊆ �X . Per (25), exactly one
value of the intervention vertex I encodes this assignment, I = ��y�. Per (27), in
any solution �σ where �σ [I ] = ��y�, �σ [ �Y ] = �y, while the values of the remaining
variables �X\ �Y are determined by their pre-intervention equations. That just means
event �V = �σ [ �V] is possible on Mϕ iff it’s also possible on M �Y=�y . As I encodes all
and only the elements of �ϕ�, the equivalence requirement holds. This also means that
theory agrees with Briggs’s for any counterfactual that the latter makes a prediction
about. For an illustration, look at the solutions to the original post-intervention model
MR=1∨H=2 (tab. 3). The first three histories (i.e., �σ1-�σ3 projected onto the variables
alone) are all and only the histories told by MR=1, the fourth and fifth are told by
MR=1∧H=2, and the remaining ones are told by MH=2.

The power of the event algebra, as I touted it, lies in modeling infinitely disjunctive
events. I beganwith: had the tower been any taller than 320ms, it might have collapsed.
Let T denote the height of the tower, RT = [0,+∞), and C denote whether it
collapses,RC = {0, 1}. Nouguier’s calculations have it that the tower may collapse if
it’s taller than 318ms and will collapse if taller than 400ms. In fact, the tower is built
300ms tall,

T ← 300, C ←

⎧
⎪⎨

⎪⎩

1 if 400 < T

0, 1 if 318 < T ≤ 400

0 if T ≤ 318

,

and on the model’s sole solution, the tower doesn’t collapse. Within the model, the
counterfactual is expressed as M |� T >320� C = 1. �T >320� = (320,+∞)T ,
which is already in the canonical form. In the post-intervention model MT >320, T
gets a new equation, T ← (320,+∞), and in some of the model’s infinitely many
solutions, C = 1. Hence, the target counterfactual is evaluated as true.

Another case sets the stage for an underdeterministic causal decision theory. The
witch can make only one potion, and she’s choosing between two. The first one may
extend her youth by 2 − 1/n decades, and the second by 2 − 1/n or 2 + 1/n decades
for any n from N. The witch is an agent under bounded uncertainty: she knows the
possible consequences of drinking each potion, but not how probable they are. In
fact, nothing indicates that one outcome is more likely than another, yet assigning
equal probability to all outcomes of each potion leads to a contradiction, which means
that no probabilistic model can accurately describe the situation.21 Moreover, say
that the witch is extremely risk averse and always wants to guard herself against the
worst possible outcome—i.e., she applies the leximin strategy, at least when it comes
to potions. To decide which potion to make, she’ll construct an underdeterministic
model first. Where P = 1 denotes making the first potion, P = 2 making the second,

21 If the probabilities are 0, they sum to 0; if they are anything more than 0, their sum doesn’t exist (i.e.,
it’s infinite). In either case, they don’t sum to 1 and thus violate the probability axioms.
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and E denotes the effect of the potion, the witch’s model states:

P ← -1, 1, E ← {2 − 1/n : n ∈ N} ∪ {2 + 1/n : n ∈ N ∧ P = 2} .

(The second set in E’s equation is ∅ if P = 1.)
Now, this is not the place for presenting the entire underdeterministic causal theory,

and hence I’ll just sketch the way forward. Following previous applications of causal
models to causal decision theory (Hitchcock, 2016;Meek&Glymour, 1994), represent
the actions available to the witch with interventions: P = 1 for deciding to make the
first potion, and P = 2 for deciding to make the second one instead. These yield two
models, MP=1 and MP=2, whose solutions she must now compare with respect to
the value of E (the higher, the better). As every solution fromMP=1 has a counterpart
in some solution from MP=2, and every solution from MP=2 that doesn’t have a
counterpart is better than every solution from MP=1, the witch should make the
second potion. In the worst case, each potion will give her an extra decade of youth,
but only the second potion may extend her youth by more than two decades.22

While the potion case doesn’t require using semaphore interventions, there are
decision-theoretic notions that do. First, there’s an obvious underdeterministic analog
of mixed strategies. Say, the witch has recipes for seven potions, P ∈ {1, ..., 7} and is
vacillating between making the first or second on the one hand, or the sixth or seventh
on the other. She can compare these mixed strategies by comparing the solutions to
MP=1∨P=2 with the solutions to MP=6∨P=7. Second, Meek and Glymour (1994)
represent deliberate actions as values of an intervention vertex added to the model,
while the agent acting automatically or instinctively (i.e., the action that would have
happened, had the agent not deliberated) is represented by the pre-intervention model.
In this context, semaphore interventions are well suited, for instance, to represent what
may happen under any action, deliberate or habitual: where I = i for i = 1, . . . , n
denote the actions available to the agent, 	 ∨ ∨

i I = i is the event to be brought
about, so that the post-intervention model can represent all consequences available to
the agent.23

3.5 Composing counterfactuals; structural and parametric interventions

With little effort it’s possible to extend the framework to accommodate composing
counterfactuals and to devise underdeterministic analogs of structural and parametric
interventions—the probabilistic originals are used in the context of causal discovery.
The rules of interpreting counterfactuals, (22) and (23), don’t tell you how to parse
counterfactuals with other counterfactuals in the antecedent, but two extra rules will:

M |� ϕ� (ψ � θ) iff Mϕ |� ψ � θ, (30)

22 The theory has all the hallmarks of a causal decision theory. For instance, it’s possible to formulate an
underdeterministic Newcomb’s case: I may or may not be predestined for hell; if I’m predestined for hell,
and only then, will I sin and will I go to hell. Though I enjoy sinning, no time spent in hell is worth it.
Going to hell and sinning are conditionally dependent per (21), yet I should sin, for doing so doesn’t cause
my going to hell (Wysocki ms1).
23 This is an example of an underdeterministic parametric intervention, which I am about to discuss.
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and
M |� ϕ� (ψ � θ) iff Mϕ |� ψ � θ. (31)

To evaluate a compound counterfactual, intervene on the original model M with
an intervention corresponding to the first antecedent, then intervene on the resulting
model again with an intervention corresponding to the second antecedent, and so on,
until you can apply (22) or (23).

As an illustration, consider: “if Scylla throws one rock orCharybdis attackswith two
heads, then if Scylla fails to see Odysseus, he may survive,”M |� R = 1∨ H = 1�(
S = 0� D = 0

)
. Apply (30) to get MR=1∨H=1 |� S = 0� D = 0. Apply it

again to getMR=1∨H=1,S=0 |� � D = 0, where the interventions inMR=1∨H=1,S=0,
separated by the comma, are to be executed from left to right—bring about R =
1∨ H = 1 and then, in the model you just obtained, bring about S = 0. In some of the
solutions to the post-intervention model, e.g., 〈�1H �I , 0S, 1C , 0R, 1H , 0D〉, Odysseus
survives, and the counterfactual is true.

The theory of underdeterministic counterfactuals requires only semaphore inter-
ventions, yet the framework can afford more—every intervention possible in the
probabilistic framework has (I boldly surmise) an analog in the underdeterministic
framework. For instance, Eberhardt and Scheines (2006) distinguish between struc-
tural and parametric interventions in causal discovery.24 A probabilistic structural
intervention introduces an intervention vertex that works as a switch: when the switch
is off, the target variables behave as they did in the pre-intervention model. When the
switch is on, the target variables become independent from any other variables, and
are governed by a new probabilistic distribution. For an underdeterministic analog,
take a semaphore intervention that brings about 	 ∨ ϕ, where ϕ is the counterpart of
the new distribution (i.e., ϕ specifies the new possible values for the target variables).
Per (2) and (9), �	 ∨ ϕ� = {〈〉} ∪ �ϕ�, and therefore for I = �〈〉�, the entire model
behaves as before the intervention—the switch is off. For all other values of the inter-
vention vertex, the switch is on. A probabilistic parametric intervention is like the
structural intervention, but when the switch is on, the target variables still depend on
pre-intervention parents, although the conditional distribution is new. To implement an
underdeterministic parametric intervention, you can modify semaphore interventions
into a fourth species. Say, for every target variable X , its new possible values are given
by gX

( �P, I
)
. Then for every X , replace I [X ] in (27) with gX

( �P, I
)
, so that when the

switch is on (i.e., I ’s value is set for X ), X ’s value is determined by a new equation.
When the switch is off, however, X behaves according to its pre-intervention equation.

Two remarks to crown the theory: first, since semaphore interventions can encode
any set of tuples, it’s possible to modify the event algebra or even use a completely
different systemof deriving such sets. The resulting accountwould still have the advan-
tage of producing one post-intervention model. Second, I promise that the algebra and
semaphore interventions can be adapted to the probabilistic framework (Fenton-Glynn,
2017; Twardy & Korb, 2011). An event would have to be accompanied by a probabil-
ity distribution over all the ways in which it can be brought about, and the equations
of intervention vertices would have to reflect this probability. In fact, Rosella and
Sprenger (2022) develop a probabilistic analog of Briggs’s theory, associating with

24 Also see Korb et al. (2004).
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each piecemeal model a probability proportional to how similar the model is to the
pre-intervention original; it seems that their theory could easily be reformulated with
semaphore interventions. As this project comes with its own philosophical and tech-
nical challenges, however, delivering on this promise will have to wait for another
occasion. All I want to convey for now is that the significance and utility of the event
algebra and semaphore interventions isn’t meant to be limited to underdeterministic
causation.

4 Doubts

Two elements of my formalism are in need of further motivation: developing the
underdeterministic framework as a tool for investigating causal underdeterminism;
and using semaphore interventions rather than families of piecemeal models (Briggs,
2012; Günther, 2017) or other theories capable of modeling infinitely disjunctive
antecedents (Hiddleston, 2005; Huber, 2013; Vandenburgh, 2022).

I have already argued why underdeterministic causal phenomena are worth paying
attention to (Sect. 3.1). However, the probabilistic framework could ostensibly han-
dle underdeterministic counterfactuals: instead of underdeterministic equations, use
counterfactual probabilities that encode necessity as 1, possibility as any value from
(0, 1), and impossibility as 0. (For uncountably infinite ranges, an impossible event
would be instead encoded as one of zero density, and a possible event as one of any
positive density; a possible event would count as necessary iff all other events had zero
density.) But this appropriation would violate the third desideratum for a semantics
of counterfactuals, hindering both our understanding of underdeterminism and the
practical applications of the theory.

So, first, there’s a philosophical reason against modeling underdeterminism this
way. Using the probabilistic framework for analyzing probabilistic causal phenomena
carves them at their joints, or approximately so, but using it for analyzing underdeter-
ministic phenomena unnecessarily obfuscates the picture. For instance, it is of some
philosophical importance that there’s a simple qualitative notion of conditional inde-
pendence (21); this fact would be lost on you if you limited yourself to the probabilistic
framework. No one advocates abandoning deterministic causal models because they
can be simulated by probabilistic models, even if it’s in principle possible25; if so, we
shouldn’t eschew underdeterministic models either.

Second, there’s a practical reason against modeling underdeterminism this way.
Probabilistic models are much more complex than underdeterministic ones, for each
structural equation returns a probability distribution rather than a set of possible val-
ues (Fenton-Glynn, 2017). If the exact probabilities were to be eventually ignored,
simplicity clearly suggests using the underdeterministic models. Using underdeter-
ministic models is also computationally cheaper. Say, you want to know if some event
is causally impossible, necessary, or merely possible. Even if you eventually ignore its
specific probability, you have to compute it first, or else you won’t know whether it’s

25 This would require using degenerate counterfactual distributions assigning 1 to the outcome of the
structural equation and 0 to any other value from the range.

123



3556 T. Wysocki

0, 1, or something in between. But computing underdeterministic structural equations
is much faster than computing corresponding counterfactual probabilities.

Third, there’s a scientific reason against modeling underdeterminismwith the prob-
abilistic framework. We do seem to reason about many everyday non-deterministic
situations explicitly without invoking probabilities. It is an open empirical question
whether explicit non-probabilistic inferences are implemented as implicit probabilistic
causal inferences or as its own mechanism—for instance, in the form of underde-
terministic models. But even to formulate this question, a cognitive scientist needs
underdeterministic models as a separate device from probabilistic models. In the con-
text of the cognitive science of causal reasoning, simulating underdeterministicmodels
with probabilistic ones means a priori subscribing to the first alternative.

The last reason is technical: you can’t ascribe probability to elements of an infinite
set such that, for some set positive threshold, no matter how small, every element is
more likely than the threshold. Because our minds and our machines are finite and thus
use finite numerical representations of probability, the probability of some possible
events will be calculated as 0.26 Thismeans that some underdeterministic models can’t
be simulated in practice by probabilistic models.

In need of further motivation is also my use of semaphore interventions. Briggs’s
(2012) strategy easily extends to underdeterministic models. Since we have one famil-
iar and intuitive solution, we don’t need another, which seems complicated, as it
requires a new type of nodes that take on values that encode other values. The event
algebra is still necessary for identifying the piecemeal models to be constructed, but
once that’s done, we can use Briggs’s original mechanism. But there’s a philosophical
reason to go with semaphore interventions. First, bringing about a disjunctive event
counts as underdeterministic—it may be done in many different ways—and so it’s
only natural to apply the mechanics already present in underdeterministic models.
It would seem inconsistent, that is, to represent one type of underdeterminacy with
underdeterministic equations but another type with multiple models. Second, it’s com-
mon in the literature to introduce extra nodes to represent interventions (2003:47) and
deliberative actions of agents (Meek & Glymour, 1994), and structural interventions,
which behave a lot like semaphore interventions, have already been used (Eberhardt
& Scheines, 2006). Under the metaphor that different values of the intervention node
correspond to different possible actions of the ideal intervener, representing her actions
as values of one variable follows previous practice.

Another reason for the new formalism is that, unlike families of piecemeal models,
semaphore interventions satisfy the last desideratum for a semantics of counterfactu-
als. So, semaphore interventions let the modeler understand the target situation better.
Using the strategy of piecemeal models leaves her with multiple models characterized
by different directed graphs. Testing, for instance, whether some variables are depen-
dent post-intervention won’t be straightforward because they may be independent in
every piecemeal model but not in the situation itself, as it would be represented by

26 Of course, no mind or machine will store at once infinitely many solutions to a model. But the problem
described applies, for instance, to the physically feasible task of checking whether some assignment is
a solution to a model. (I’ll come back to this point soon.) Finite numerical representations will force a
physically implemented probabilistic model to produce false negatives for infinitely many solutions.
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a single model after a semaphore intervention.27 More generally, bringing about a
disjunctive event leaves us with one underdeterministic situation (i.e., one situation
that may develop in many ways), and one situation deserves to be modeled with one
model. Piecemeal models give us piecemeal understanding.

Moreover, in the context of cognitive science, it seems more plausible (or at least
a hypothesis worth investigating) that we use a single model to think of counterfac-
tuals with disjunctive antecedents rather than a possibly very numerous family of
models. Therefore, semaphore interventions seem like a potentially useful tool for
psychologists working on causal cognition.

There’s also a computational advantage to using semaphore interventions: gener-
ating one model rather than many is just computationally cheaper, and the difference
becomes most acute when you’re facing a choice between one and infinitely many
models. In the case of models with infinitely many solutions, no machine will be
able to store all of their solutions, but this doesn’t make the point moot. Consider, for
instance, a simple algorithm that tests whether a solution satisfies a model. If you were
using a single model, you could generate it once and run the algorithm many times
on different inputs. If you were using piecemeal models, you’ll likely have to gener-
ate a different model for different inputs. Or take a non-deterministic algorithm that
generates solutions to a model. The strategy from piecemeal models, unlike the one
from semaphore interventions, would require producing a randomly chosen piecemeal
model each time before producing a solution.

The theory of underdeterministic counterfactuals forces me to take a stance on
some issues discussed in the counterfactual literature. Like Briggs’s, my account
doesn’t respect the principle of conditional excluded middle—I side with Lewis
(1973), Bennett (2003), and Hall (2004) against DeRose (1999), Stalnaker (1980), and
Williams (2010); this also means that underdeterministic might-counterfactuals aren’t
equivalent to would-counterfactuals hedged with the epistemic possibility operator.28

Relatedly, I again agree with Lewis (1973) and Hájek (2021) rather than Edgington
(2004), Schaffer (2004), and Walters (2009) that if a genuinely nondeterministic coin
landed heads, “had it been flipped, it would have landed heads” is false. Defending
underdeterministic counterfactuals from these authors requires a full-fledged argu-
ment, which I cannot make here, but I think I can at least say this. The main motivation
behind underdeterministic counterfactuals is to model causal phenomena and aid deci-
sion making. The motivation behind the authors I disagree with is to explain linguistic
intuitions (Stalnaker, 1980; DeRose, 1999) and assist in reasoning about the past (Edg-
ington, 2004). Differences in motivation translate into differences in tools, and a tool

27 Two variables may share no ancestors in every piecemeal model—and therefore be unconditionally
independent—yet share an ancestor, an intervention node, in the model produced by the semaphore
intervention.
28 The epistemic interpretation implies that an event is either causally necessary or causally impossible.
“ϕ could have happened” is equivalent to the counterfactual “had everything been as it was, ϕ could have
happened,” 	 � ϕ; therefore, according to the epistemic interpretation, “ϕ could have happened” is
equivalent to “it’s consistent with the speaker’s knowledge that ϕ would have happened.” This means that
observing that ϕ happens (doesn’t happen) compels the speaker to think that ϕ was causally necessary
(impossible). In short: the epistemic interpretation entails that statements of the form “the coin landed
heads but could have landed tails” are infelicitous Moore’s sentences. In contrast, the underdeterministic
treatment judges such sentences as felicitous.
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shouldn’t be criticized for how it performs when applied to what it wasn’t intended
for.

I can now discuss, at last, alternative interventionist theories of counterfactuals
that can deal with infinitely disjunctive antecedents, Huber’s (2013), Vandenburgh’s
(2022), and Hiddleston’s (2005): how do they differ from mine, and why do we need
mine? The answers depend on the theory, though the common theme is that they all
rely on similaritymeasures, transplanted onto the interventionist ground, whichmakes
them violate some of the desiderata and renders them unusable for modeling genuine
underdeterminism.

First, take Huber’s (2013). The theory is complex, and I’m forced to present just
enough to point out the differences. Huber is motivated by the developments in the
causal literature that extend causal models with normality orderings over events to
account for otherwise unaccountable causal intuitions (Gallow, 2021; Hall, 2007;
Halpern & Hitchcock, 2015; Halpern, 2016). His goal is to unify normality orderings
and counterfactual structure into a single similarity ordering that yields both counter-
factuals and causal judgments. On his theory, worlds are identified with assignments
over all variables, similarity is a complete order over worlds that satisfies certain con-
ditions, and a would-counterfactual is true iff its consequent is true in all worlds that
satisfy the antecedent and are most similar to the actual world. Because of this ‘all
worlds’ clause, the theory can in principle handle infinitely disjunctive antecedents—
you simply survey all value assignments that satisfy the antecedent without resorting
to anything like the event algebra.

This theory is wanting, however, in the light of what I expect of a theory of counter-
factuals. First, neither does it help the modeler understand the modeled situation, nor
will it be useful to cognitive scientists, since you trade structural equations, which are
easy to reason with, for orderings over all value assignments, which are not. That is,
while Huber obtains the (extremely interesting and metaphysically significant) result
that structural equations and normality can be unified into a singlemodality, his formal-
ism isn’t very handy—which isn’t a problem given his aims but is given mine. Second,
and worse, the theory doesn’t apply to underdeterminism. One of the indispensable
assumptions in the theory is strong centering: any non-actual world is strictly less
similar to the actual world than the actual world itself. But that means that his account
leaves no room for causal modalities and genuine might-counterfactuals, as the coin
example above shows. If a genuinely non-deterministic coin lands heads, “it could
have landed tails” is false on Huber’s theory, for the world where it landed tails fails
the similarity condition and therefore doesn’t fall under the ‘all worlds’ clause. This
means, in turn, that Huber’s formalism doesn’t satisfy the second desideratum. Third,
the assumption behind the theory is that the most promising strategy for defining token
causation involves normality orderings. However, not everyone agrees (Blanchard &
Schaffer, 2017; McDonald, 2023a). In fact, Wysocki (2023a) has recently shown that
you can combine the cases that have motivated normality orderings so that no normal-
ity ordering can deliver all the correct judgments. Normality orderings, that is, fail for
the very cases that they were promised to solve. But if they cannot deliver, Huber’s
semantics won’t help even with theories of deterministic causation, pace, again, the
second desideratum.
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Next is Vandenburgh’s theory (2022). The main difference between his and other
interventionist theories (including mine) is that his bars interventions on endogenous
nodes. This move allows him to model backtracking counterfactuals (which other
theories typically cannot model) and to account for disjunctive antecedents. To bring
about a disjunctive event, you are allowed to make minimal interventions—in terms
of the number of exogenous variables targeted—that make the event true in the model.
This works even for infinitely disjunctive events.

However, this theory doesn’t satisfy my desiderata either. First, it’s not conser-
vative: without interventions on endogenous nodes, the theory cannot be used in
standard accounts of token causation (Glymour &Wimberly, 2007; Hitchcock, 2001;
Woodward, 2003; Halpern & Pearl, 2005; Weslake, 2015) without significantly mod-
ifying these accounts. Second, like Briggs’s solution, Vandenburgh’s also requires
building one piecemeal model for each intervention, which for infinitely disjunctive
events potentially means an infinity of models, violating the third desideratum that the
semantics should be machine-friendly and potentially helpful to cognitive scientists.

And takeHiddleston’s (2005) semantics; again, I can afford to introduce only the rel-
evant pieces. Like Vandenburgh’s, this one constrains what interventions are allowed:
to bring about an event, you can intervene on a variable only if no intervention on
its descendants could make this event true. This constraint serves Hiddleston as a
similarity measure: the more downstream (in terms of the graph’s directed edges) the
intervention, the more similar the model is to the pre-intervention original. Now, sim-
ilarity makes the familiar problem appear. If a genuinely non-deterministic coin lands
heads, his theory predicts that it could have landed tails; but “it landed heads but could
have landed tails” sounds perfectly reasonable. The theory, that is, can’t account for
genuine underdeterminism. The other problems are present too. In cases where the
event still must be brought about with separate interventions, the procedure produces a
family of piecemeal models, which for infinitely disjunctive events means potentially
an infinity of models.

Last, a problem that I find decisive: strong centering, to which all three theo-
ries are committed, yields inappropriate consequences when it comes to disjunctive
antecedents. Say, I will sing if it rains but won’t if it’s sunny. It rains, I sing. Entertain:
if it were sunny or rainy, I would sing. The counterfactual is false, for I wouldn’t sing
in the sun. However, all three theories evaluate the counterfactual as true, as you need
no interventions to bring about the antecedent. It’s already raining, and any changes
to the world to bring about this event would be, on their theories, superfluous. This is
no good. On my proposal, in contrast, the counterfactual is false, for in the possible
history where it’s sunny the consequent doesn’t hold.

However, dispensing with strong centering also has negative consequences. Notice
that both “if the tower is taller than 320ms, it may collapse” and “if the tower is no
smaller than 1m, it may collapse” turn out true on my theory, yet the second claim
sounds infelicitous, as the risk of collapse begins at 318ms only. I think this infelicity
can be given a Gricean explanation: if you know that the tower won’t collapse if it’s
no taller than 318ms, your uttering the latter might-counterfactual is misleading, even
if not strictly false. It is not contradictory to say “if the tower is no smaller than 1m, it
may collapse, but I don’t mean to say that if it’s smaller than 318ms, it may collapse,”
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especially if you helpfully add “because, e.g., 400ms is more than 1m, and a 400-
meter-tall tower may collapse.” That is, “if the tower is no smaller than 1m, it may
collapse” comes with the implicature “if the tower is exactly 1m tall, it may collapse,”
but the implicature is cancellable, and hence (ought we to trust Grice) doesn’t bear on
the truth conditions of the target counterfactual.

5 Conclusions

I have proposed two somewhat independent devices: the event algebra and semaphore
interventions. The algebra provides rules for identifying all the ways in which an event
can happen, allowing for modeling infinitely disjunctive events.Moreover, every event
has a unique canonical representation as the conjunction of the maximal number of
independent disjunctive events. Semaphore interventions allow for bringing about a
set of assignments within a single model, which has both theoretical and practical
advantages over using a family of models. Together, the devices offer a natural seman-
tics of underdeterministic counterfactuals with disjunctive antecedents and promise
further applications to probabilistic counterfactuals (Rosella & Sprenger, 2022), inter-
ventionist theories of decision-making (Hitchcock, 2016; Meek & Glymour, 1994),
and deterministic (Andreas & Günther, 2021; Beckers & Vennekens, 2017; Gallow,
2021; Halpern & Pearl, 2005; Weslake, 2015), probabilistic (Fenton-Glynn, 2017;
Twardy & Korb, 2011), and underdeterministic causation (Wysocki, ms2).

6 Appendix

6.1 The syntax and semantics of model statements

Here, I present the syntax and semantics of event names and model statements—the
statements that can be true or false in a model—in one place.

First, the grammar:

production rule
brick sentence B → an expression over some variables from �V;

the exact syntax depends on the ranges
event name E → B,(¬E), (E ∧ E), (E ∨ E), (E → E), (E ≡ E),
modal sentence M → � E , � E ,
counterfactual C → E � E , E � (C), E � E , E � (C),
model statement S → (C), (¬S), (S ∧ S), (S ∨ S).

In all cases used throughout, brick sentences were arithmetic equations or inequalities.
The grammar allows for model statements like (¬� ϕ) ∧ (ϕ� ψ � γ ), but not
for � � ϕ or ϕ� � ψ .

LetM be the (pre-intervention) model of evaluation,M	 be the set of solutions to
M, ψ be a name over �X ( �X ⊆ �V), ϕ be any name of a consistent event (i.e., �ϕ� �= ∅)

123



An event algebra for causal counterfactuals 3561

over some subset of �V , �σ be any assignment over all its nodes, �V ·∪�I,29 and S1, S2 be
any model statements.30 Below is the full semantics; although it doesn’t need to be
expressed in terms of the event algebra, it can, and I provide the alternative rules too:

M, �σ |� ψ iff substituting �x[X ] for all X from �X makes ψ true iff {�σ } � �ψ� = {�σ }, (32)

M |� � ψ iff M, �σ |� ψ for some �σ from M	 iff �ψ� � M	 �= ∅, (33)

M |� � ψ iff M, �σ |� ψ for all �σ fromM	 iff �ψ� � M	 = M	, (34)

M |� ϕ� ψ iff Mϕ |� � ψ iff �ψ� � M	
ϕ �= ∅, (35)

M |� ϕ� ψ iff Mϕ |� � ψ iff �ψ� � M	
ϕ = M	

ϕ , (36)

M |� ¬S1 iff M� S1, i.e., it’s not the case that M |� S1, (37)

M |� S1 ∧ S2 iff M |� S1 and M |� S2, (38)

M |� S1 ∨ S2 iff M |� S1 or M |� S2. (39)

6.2 An event has at most one canonical form

Theorem A non-empty set of assignments over at least one variable has a single
canonical form, which is the junction of the maximum number of assignment sets
(juncts) over non-overlapping variables:

S �X = n�
i=1

Ji , (40)

where: S �X is over variables �X, �X �= ∅, assignments from Ji don’t share variables
with assignments from Jj (i �= j ), and Ji �= {〈〉}.
Proof The proof will be by induction on the maximum number of juncts the event
decomposes into. First, notice that if a set of assignments is a junction of other sets
of assignments, then the projection of the former onto some variables is a junction of
the projections of the latter:

if U �X = V �Y � W �Z , then U �X [ �P] = V �Y [ �P ∩ �Y ] � W �Z [ �P ∩ �Z ], (41)

29 The rules also work if �σ is an assignment over �V only.
30 I useM	 for the set of all solutions, as elsewhere (Wysocki, 2023b) I useMψ for the set of all solutions
that satisfy ψ .
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where �X = �Y ∪ �Z , �P ⊆ �X , andU �X [ �P] is a projection ofU �X onto �P (readV �Y [ �P∩ �Y ] and
W �Z [ �P ∩ �Z ] analogously).31 This property follows from (1), the definition of junction,
because if an assignment is a spatial concatenation of two other assignments, then a
projection of the former is a spatial concatenation of the corresponding projections of
the latter.

Now, for the inductive part of the proof.
Base step The event denoted by any sentence over one variable is already in the

canonical form. (The only non-empty set of assignments over no variables is �	� =
{〈〉}; as a convention, assume that this is its canonical form.)

Inductive stepAssume property (40) holds for sentences over fewer than k variables.
Take S �X , a set of assignments over k variables. If S �X doesn’t decompose any further,
it trivially satisfies the property, as the set is already in the canonical form.

Otherwise, decompose S �X as

S �X = K �Y � L �Z , (42)

where �X = �Y ·∪ �Z , �Y �= ∅ �= �Z , and L �Z doesn’t decompose any further. As K �Y is now
over fewer than k variables, in virtue of the inductive assumption, K �Y = �n

i=1
Ji for

some n and conjuncts {Ji }n
i=1. Therefore, the canonical form for the target set is:

S �X =
(

n�
i=1

Ji

)
� L �Z . (43)

What’s left is to prove that this decomposition is unique. Decompose S �X into any
two juncts:

S �X = M �P � N �Q, (44)

where �X = �P ·∪ �Q, and �P �= ∅ �= �Q. Either �Z ⊆ �Q or �Z ⊆ �P , because otherwise, per
(41), L �Z could be decomposed further into two juncts: one over some variables from
�Q and the other over some variables from �P . For focus, assume �Z ⊆ �Q. This means
that N �Q = O �R � L �Z , where �R = �Q\ �Z . Therefore,

S �X = M �P � N �Q = M �P � O �R � L �Z = K �Y � L �Z . (45)

In virtue of the inductive assumption, M �P � O �R has a unique canonical form, and it’s
the same as the one for K �Y , because M �P � O �R = K �Y . That in turn means that (43)
still gives the canonical form of S �X . Therefore, S �X has a unique canonical form. This
completes the inductive proof. ��
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